A heterodyne interferometer for simultaneous measurement of roll and straightness is proposed for precision linear stages. In the interferometer, the roll and vertical or horizontal straightness are both directly calculated from the phase difference between the measurements and reference signals. The interferometer is composed by a Koster prism, a corner cube, a beam splitter, a 1/2 wave plate, a right-angle prism, a quarter wave plate, a bi-wedge prism and a bi-wedge mirror. The bi-wedge prism is a sensor of roll and straightness. When a dual-frequency laser beam is emitted into the proposed interferometer, six symmetrical laser beams as formed as measurement signals. The beams pass through an almost common path, which improves the stability of the interferometer effectively and minimize the dead path error. The optical configuration of the proposed interferometer is designed and a mathematic model for simultaneously measuring roll and straightness is presented in detail. Finally, an experimental setup is constructed and several experiments are performed to demonstrate the feasibility of the proposed interferometer.
I. INTRODUCTION
The demand for ultra-precise displacement measurement arises from the requirements of the coordinate measuring machines and machine tools with high precision in the sub-nanometer range. Meanwhile, as the measurement with atomic force microscope, the measurement range is extended from the micrometer to several hundred millimeters with the travel of liner stage gradually increasing [1] - [4] . Even a highly precise linear stage still has six degree of freedom (DOF) geometric errors [5] . The main movement along z-axis is defined as displacement, z; where the two straightness errors are x and y, and three rotational errors are θ x (pitch), θ y (yaw), and θ z (roll) [6] , [7] . It is comparatively easy to use an interferometer to measure the displacement, pitch and yaw errors. Compared with the displacement, pitch and yaw errors which can be easily measured with the application of an interferometer, the measurement of these errors, straightness and roll, are more difficult because they do not generate any optical phase shift along the optical axis when they are parallel to the moving direction of stage.
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To solve this problem, many methods have been proposed utilizing a special straightness and roll sensors based on the optical heterodyne interferometer. For roll angle measurement, a wave plate and polarizer have been developed to measured roll angle [8] - [12] . This method has been improved to achieve higher sensitivity by using a quarter-wave plate to produce elliptically polarized light and a polarizer or a halfwave plate is used as a sensor. This method has achieved sensitivity in the order of an arcsecond (0.3 arc sec) at certain angles. In a differential heterodyne interferometer configuration, an optimized tilt folding mirror is replaced as the roll sensor. A roll angle resolution of 0.13 arcsec is achieved using a phasemeter with a detecting resolution of 0.01 • . The differential structure minimizes the environmental errors and stabilizes the roll measurement result. In our previous work [13] - [16] , we demonstrated a high resolution roll angle interferometer without crosstalk error. This interferometer uses a bi-wedge prism as the roll sensor and a bi-wedge mirror as a reflection mirror. When the bi-wedge prism rolls, the optical path of the measurement arm changes due to the refractive index difference between the prism and air. Our interferometer is designed as a two path interferometer. The interferometric beams use a common path for the realization of the centrosymmetric measurement structure, and the crosstalk of straightness, yaw and pitch errors is avoided. A measurement resolution of 0.72 arcsec is achieved using a phase-meter with a detecting resolution of 0.7 • . If the detection resolution of the phasemeter is 0.1 • , then the resolution of the roll measurement is about 0.1 arcsec. For straightness measurement, some studies employ a Wollaston prism to produce two separate measuring beams and a pair of V-shaped plane mirrors to reflect the two beams [17] . The resolution and measurement range rely on the Wollaston angle. The resolution can be doubled by adding a corner cube on the top of Wollaston prism and two right-angle prisms to reflect the measurement beam [18] . It is, however, difficult to converge two beams at the center of the corner cube, particularly when it is used for measurement on a large stroke displacement platform. A bi-wedge prism used as a straightness sensor can be installed between a Wollaston prism and a reflection mirror to extend the working distance [19] . We also demonstrated an enhanced differential plane mirror interferometer for straightness measurement [20] . The above approaches all provide very high roll or straightness measurement resolution. However, they can only measure one parameter at one time. To overcome this disadvantage, many metrology systems have been proposed to realize simultaneous measurement of multiple DOFs [21] - [23] . However, in all these proposed methods, the cross talk errors are very difficult to eliminate, especially for roll and straightness measurement.
In this paper, we propose a heterodyne interferomer for simultaneous measurement of roll and straightness without cross talk errors. This interferometer utilized a bi-wedge prism and mirror as the sensor of roll and straightness. In the interferometer, an orthogonally polarized beam is split to six measurement beams by the special designed optical configure. From our design, four centrosymmetric beams are used to measure roll and four space symmetrical beams are used to measure straightness.
II. MEASUREMENT PRICIPLES A. INTERFEROMETER FOR MEASUREMENT MICRO ROLL AND ANGLE AND STRAIGHTNESS
A schematic of the proposed interferometer system for simultaneous roll and straightness measurement is shown in Fig. 1 . The system contains a bi-wedge prism, a bi-wedge mirror, and a heterodyne interferometer. The bi-wedge prism, used as the straightness and roll sensor, is fixed on a linear translation stage. The heterodyne interferometer converts the beam from a dual-frequency laser interferometer into six beams and causes them interfere. It is comprised of a Koster prism, a quarter-wave plate, a half-wave plate, a beam splitter, a rightangle prism and a corner cube, as shown in Fig. 1 .
An incoming beam (10), generated by a dual-frequency laser interferometer (1), comprises two orthogonally polarized beam, f 1 and f 2 . The beam (10) passes through the surface of the Koster prism (2); as a result, beam (11) and beam (14) are transmitted. After passing through the quarter-wave plate (3) and the bi-wedge prism (4), beams (13) and (16) will be transmitted and reflected by the bi-wedge mirror (5) . They retrace their path and are transformed into beam (17) in Koster prism (2), which is in turn split into beams (18) and (19) by the beam splitter prism (6) after reflection by corner cube (9) . Beam (19) is then split into beams (21) and (24), then travels through the quarter-wave plate (3) and retraces its path after passing through the bi-wedge prism (4) and bi-wedge mirror (5) . Finally, beam (27) is transmitted from the incident surface of the Koster prism (2) , which can be regarded as the received resulting signal for straightness measurement.
At the same time, similarly, beam (18) is changed into beam (20) by successively passing through beam splitter prism (6), the right-angle prism (7) and the half-wave plate (8) . Consequently, beam (34) is obtained after the optical processing by the Koster prism (2), the quarter-wave plate (3), the bi-wedge prism (4) and the bi-wedge mirror (5) . Beam (34) can be considered as the received resulting signal for roll angle measurement.
As shown in Fig. 2 , there are six beams passing in front of the bi-wedge prism (4) .The roll angle can be measured by a four-channel optical system consisting of f 1p , f 2s , f 2s and f 1p , and straightness is measured using another four-channel system consisting of f 1p , f 2s , f 1s and f 2p .
B. INTERFERENCE PRINCIPLE OF STRAIGHTNESS MEASUREMENT
It is assumed that the bi-wedge prism has a lateral deviation(x-axis) which is perpendicular to the direction of motion (z-axis). The actual position of the optical path does not change; however, the difference of refractive index will lead to a change of the optical path of the beam in wedge prism. The measurement principle for straightness is based on the path of the beam, as depicted in Fig. 3 .
In Fig. 3(a) , the schematic shows the change of the optical path in the straightness measurement. The dotted part is the initial position of the bi-wedge prism, while the solid part is the position where the bi-wedge prism is moved to along the positive direction of x-axis. Fig. 3(b) shows the projection of four optical paths on the bi-wedge prism along the direction of the optical axis. The dotted part indicates the position of the bi-wedge prism before it is shifted and the solid line indicates the new position, which shifted by d. If the beams move with the prism, their position will move from T , R, M , N to T , R , M , N . Seen from the Y-axis, the original beams will move to the positions of f 1 and f 2 , as shown in Fig. 3(c) . In fact, the beams have not moved, so it can be regarded as the inward deviation of beam f 1 , that is to say, as a decrease in the optical path. Likewise, beam f 2 deviates outward, which represents an increase of the optical path. Because the four optical paths are centrosymmetric, the absolute values of their geometric distance deviation are equal. Thus, the absolute values of their optical path difference are also identical.
Suppose the change of optical path of the beam passing through the bi-wedge prism is l and the wedge angle of the bi-wedge prism is α. Then
where l is directly related to the optical path difference l.
Since each beam of different frequencies passes through the bi-wedge prism four times, one of the length values of the optical paths is positive while the other one of different frequency is negative. The relationship between l and l can be represented as
where n g and n air denote the refractive index of glass and air respectively. Suppose the refractive index of glass is 1.51630 (for the convenience of calculation, the approximate value used in this paper is 1.5) and the air is 1.00027 (for the convenience of calculation, the approximate value used here is 1.0), so
Considering Fig. 3 , displacement d can be described as
Equation (4) establishes the relationship between straightness and phase difference. The error of straightness can be calculated using the phasemeter through the phase difference of the reference signal and measuring signal.
C. INTERFERENCE PRINCIPLE OF ROLL ANGLE MEASUREMENT
Based on the above analysis, the roll angle can be measured using the four optical path system composed of f 1p , f 2s , f 2s and f 1p in Fig. 2. Fig. 4 is a planar graph decomposition of the spatially symmetrical four optical paths depicted in Fig. 2 . It can be seen from Fig. 2 and 4 (a) that no matter whether the measured object has rolled or not, the incident position of the four beam paths will remain fixed. Taking a cross section perpendicular to the optical path, a square composed of f 1p , f 2s , f 2s and f 1p with a side length of b will be formed by the intersection points of the other optical paths.
If viewed from the direction perpendicular to the cross section of the wedge prism, that is, from the direction of A, the two upper and lower optical paths of f 1 and f 2 will overlap on a line before rolling. This is represented by f 1,2 , as shown in Fig. 4(b) . After rolling, the two optical paths of f 1 will deviate inward from the original path along the direction of radius of the wedge angle on the bi-wedge prism before rolling, while the path of f 2 will deviate outward as shown in Fig 4(b) . We set these deviation values as d 1 and d 2 , respectively:
Since the bi-wedge prism is made of glass, the medium outside the prism is assumed to be air (although the theory holds even if it is vacuum or other media), which leads to two inconsistent medium constants. Although the total geometric distance traveled by beams of two frequencies remains unchanged, the optical paths will change. The two optical paths of f 1 shift inward (from A − B to A 2 − B 2 as shown in Fig. 4(c) ); that is to say, the lengths of the optical paths decrease. Similarly, the two optical paths of f 2 shift outward (from A − B to A 1 − B 1 ), which increases the length of the optical paths. As shown in Fig. 4(c) , A 1 C is the increased segment while A 2 D is the decreased one.
Considering the principle of the planar graph shown in Fig. 4 , the following relationship can be calculated:
where β is the wedge angle of the bi-wedge mirror. Since the beam of each frequency has to pass through the wedge prism four times, the total optical path difference is
where l 1 , l 2 denote the measured optical path difference, n g denotes the medium constant of glass and n air denotes the medium constant of air. (same as equation (4) for the convenience of calculation, the approximate value used in this paper is 1.5, for the convenience of calculation, the approximate value used here is 1.0) etting n g equal to 1.5 and n air equal to 1, then
So, the value of roll angle θ can be calculated by measuring ϕ.
Therefore, by measuring the phase difference between beam f 1p and beam f 2s , the rolling angle and straightness of the bi-wedge prism can be calculated. In this paper, in order to take into account realistic factors, the parameters of equation 4 and 9 are set as: α = 1 • , β = 0.5 • 59 '', λ = 633 nm, b = 9 mm. The resolution of the phase which we used meter is 2π /512. Then, the measurement resolution of the roll angle and straightness can reach 4 µ rad (0.8'') and 17.71 nm, respectively.
The achievement of the simultaneous measurement of roll angle and straightness system design depend on the following two key factors:1) The optical path changes between the incident surface of bi-wedge prism and the incident surface of bi-wedge prism mirror cancel each other.2) The center of the roll is the center of the square.
III. EXPERIMENT AND RESULTS
To verify the performance of the proposed high-precision interferometer for simultaneous measurement of roll angle and straightness, an experimental setup based on Fig. 1 's schematic was assembled and is shown in Fig. 5 . A laser with a 20MHz split frequency (Zygo 7702) was used as the laser source. The interferometer comprised a Koster prism (KP), a quarter-wave plate(QWP), a half-wave plate (HWP), a beam splitter prism (BS), a right-angle prism (RAP) and a corner cube (CC). The roll and straightness sensing bi-wedge prism (WP) was fixed on an linear translation stage. A bi-wedge mirror (WM) was used to reflect the laser beam back to interferometer. Through this optical configuration, six symmetrical geometric space measurement beams are formed when an orthogonally polarized laser beam is emitted into the interferometer; four of the six beams are used to measure roll and four beams are used to measure straightness, as shown in Fig. 2 . The reference signal is generated by the laser. The phase difference is calculated by a ZMI 2400 (Zygo) phasemeter. In our experiment, a nanopositioning piezo flexure stage (P-753.3CD, Physik Instrument (PI) GmbH & Co.KG) and a rotation stage (M-660.45, PI) were used to confirm the straightness and roll measurement resolution, while a linear stage (M605.2DD, PI) was used for simultaneous measurement of roll and straightness. Fig. 6 shows the static stability curve of the experimental setup in laboratory conditions when the movable stage is static. The phasemeter's output unit is counts, the resolution limit of which is 1 count = 2π/512. The result shows that, in 400 seconds, the experimental platform just moves by only 1 count, which proves that experimental system has good static stability.
In order to verify the roll and straightness measurement resolution, the WP was fixed on a precision rotation stage M-660.45 and a nanopositioning stage P-753.3CD, respectively. The resolution of the rotation stage was 4 µrad and of the nanopositioning stage was 0.2 nm. Fig. 7 shows the comparisons of the roll and straightness measurements by the interferometer and the output of the PI stages. The rotation stage was set to 6 µrad/step and the nanonpositioning stage to 9 nm/step. From Fig. 7 (a) and Fig. 7 (b) , we see that the resolutions of the proposed interferometer achieved the requirements set in Section 2. The variation of the interferometer signals can be considered as the measurement noise, as shown in Fig. 6 .
To calculate the roll measurement range is difficult. Therefore, we tested the range using the rotation stage. The WP was fixed on the rotation stage; then, the stage was rotated in stepwise manner until nearly 100s, and changed the way of rotating in continuous rotation until the output of the phasemeter stabilized, as shown by point A in Fig. 8 . After that, the stage was rotated in reverse from point B in a slower speed until the output of the phasemeter stabilized again, as shown by segment BD in Fig. 8 . As shown in the figure, the reverse rotation range, which we consider the roll measurement range, is 0.55 • . As the rotation speed of rotation stage is constant, the change of roll should be linear in the measurement range. While, as the segment BD shown in Fig. 8 , a small period changes appear on the linear curve. This phenomenon is due to the nonlinear error of the heterodyne interferometer [25] . These results indicate that the measurement ranges of the proposed interferometer are suitable for measuring small roll and straightness.
To confirm the test-retest reliability of the proposed measurement system, the multiplicity (repeatability) was calculated as:
Here, n represents the number of experiments, r i represents the experimental data,r is the average value obtained from n experimental repetitions. Fig. 9 shows the multimeasurement results of roll angle and straightness when the rotation stage and nanopositioning stage were set to reciprocating motion. The repeatability of the proposed measurement system is about94.05%, as calculated from Equation 10 with the data shown in Fig. 9 (a) and (b).
A high-precision stage M-605.2DD (PI) with 50mm stroke was tested for simultaneous measurement of roll and straightness. In our experiment, the stage went back and forth 4 times with a speed of 1mm/s. The results of roll and straightness measured by the proposed interferometer are shown in Fig. 10, Fig. 10(a) shows the roll angle and Fig. 10(b) shows the straightness of the stage. The stage has a roll angle of 180 µrad and a straightness of 2.5 µm for the overall travel. From the datasheet of the stage [25] , its pitch and yaw angle are in the range of ±40 µrad. According to the Abbe principle, the straightness of the stage can be calculated from the contribution of the yaw and pitch error to be 4 µm (80 × 10 −6 × 50 × 10 3 = 4 µm), which is close to our straightness measurement results. The deviation of straightness measurement may be caused by environmental noise or Abbe error.
In this experiment, the simultaneous measurement of roll angle and straightness has three main factors:1) Ensure that the four beam roll angle measurement beams are parallel and symmetrical, and can form a square element with side length b. And ensure that the four beam straightness measurement beams are parallel and symmetrical, forming a rectangle of length b and width b/2; 2) The value of b in this experiment is related to the width of koster; 3) Ensure that the two beams measuring the roll angle and the two beams of light measuring the straightness coincide at the exit position, reducing the influence of the cosine error.
IV. CONCLUSION
A high-precision interferometer is proposed and tested for simultaneously measurement of roll angle and straightness. It uses a bi-wedge prism as the roll and straightness sensor. In the interferometer, an orthogonally polarized beam is split to six measurement beams by the specially designed optical configuration. Four centrosymmetric beams are used to measure roll and four space-symmetrical beams are used to measure straightness. The principle and calculation model are introduced in detail. Our experimental results demonstrate the interferometer has a roll angle resolution of 4 µrad and 17.71 nm for straightness measurement. The measurement range and repeatability of the interferometer are determined.
The results indicate the robustness of the proposed interferometer. Our interferometer is unsuitable for large roll and straightness measurement; however, for precision linear stages, these two DOF are usually very small. Finally, the interferometer was used to simultaneously measure the roll and straightness of a high-precision linear stage along the traveling direction. In summary, the proposed interferometer has the advantages of simple structure, few optical components, compact optical path, minimum dead path and high measurement resolution. Due to the spatial symmetry of the measuring system, the measured roll angle and straightness are uninfluenced by other freedom degrees, such as pitch, yaw angle and Abbe error. 
